i

RS

944 EQUATIONS OF STATE FOR FLUID AND CRYSTALLINE HARD DISCS

——

i Our approximations are not useful for hard spheres since perturbations are then
K larger and volume exclusion effects more pli 1. The anal formulati
terms of higher order distributions would serve better here, and is being worked out,
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~ Synopsis

_ The viscosity of krypton has been measured with a transpiration method at 25°, 50°,
44 75°C, at pressures up to 2050 atmospheres, and at 125°C, at pressures between
X0 and 1900 atmospheres. The results agree within 19, with the values calculated

hmn a formula in reduced quantities for the noble gases, published previously.

] § L. Introduction. With the standard transpiration method of the labora- -
:My, the viscosity of krypton was measured at temperatures of 25°, 50°, 75°,
fnd 125°C. The pressure range was between 7 and 2052 atmospheres, except

4 125°C, where measurements were made only between 1294 and 1880
tmospheres. The density corresponding to each temperature and pressure
s calculated using the compressibility isotherms of krypton, measured in
iﬁs laboratory1).

j §2. Results. The results of the measurements are given in tables I to IV,
“The pressure p is expressed in normal atmospheres, the density p both in
Jmagat units and in g ecm=3, and the coefficient of viscosity » in g cm=1s-1.
The viscosity pressure isotherms shown in fig. 1 have the same general
_atures as the corresponding curves for nitrogen?)3), hydrogen?)s),
uterium ) 3), argon®) and neon?). In contradistinction with these gases,
“owever, the viscosity density isotherms of krypton show an intersection
“thigh density (fig. 2).

- It was possible, by means of least squares, to fit to the isotherms of 25°,
¥, and 75°C polynomials of the form

E 7108 = A + Bp + Cp? + Dp® - (1)

)
,‘“ the density range 6-330 amagat. The coefficients of the polynomials
e given in table V.

3 Polynomials of the form

— 45—

i 7108 = A4 4 Bp + Cp? + Dp3 + Ept + Fp5 + Gpb )
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TABLE 1 ! TABLE 11
The viscosity of krypton at 25°C The viscosity of krypton at 50°C
-10% -108 NT. - 108 7108 n-10%
? P 710 (exp) 1 n 7-10¢ 3 3+ 108 (exp)
atm i gem-? g cni-Tazd c:alt:i ll,mm calcézl)mm :ahi;)mm am gem-3 gom-1s-1 talc(. Il)mm calc. from ralc{ :’l)rom
7.00 6.49 | 0.0243 257.0 256.0 256.9 2525 642 | 0.0241 274.7 274.9 275.7 270.6
8.33 7.74 | 00290 257.0 256.5 257.4 2532 7.69 | 0.0288 2715.9 2755 276.1 271.2
9.65 8.99 | 00337 257.4 257.1 257.7 253.8 . 9.00 | 00337 276.7 276.1 276.6 2719
19.51 18.58 | 0.0695 261.3 261.5 261.4 258.9 20.91 18.21 | 0.0683 280.7 280.5 250.3 276.8
23.38 22.44 | 0.0841 263.4 263.4 263.0 261.0 25.54 2241 | 0.0840 28238 2826 282.2 279.1
40.28 40.15 | 0.1505 272.2 2723 2719 2715 44.43 40.18 | 0.1506 291.9 292.4 2915 289.6
49.07 49.88 0.1870 278.0 278.5 277.6 2778 54.34 49.92 0.1871 297.8 298.2 297.4 295.8
57.72 59.85 | 0.2244 284.2 284.3 284.0 2845 64.28 59.98 | 0.2249 304.2 304.6 304.0 302.6
66.17 69.95 | 0.2623 291.4 2915 291.0 2918 73.97 70.05 | 0.2626 3114 31Ls 312 309.8
75.86 81.99 | 0.3074 2996 300.2 300.0 301.1 84.27 81.02 | 0.3038 319.2 3195 319.5 318.2
86.08 95.19 | 0.3569 310.4 310.4 310.6 3119 97.20 95.18 0.3568 330.4 330.6 331.0 329.8
94.47 | 106.4 0.3988 319.6 319.8 3203 321.7 © 107.3 106.5 0.3993 340.3 340.1 3408 335.7
109.4 127.0 0.4762 339.6 3388 339.6 3414 | 1271 129.1 0.4839 360.9 361.1 3621 361.2
125.7 150.4 0.5639 3643 363.1 364.0 366.3 1455 150.3 0.5634 383.9 383.2 384.1 383.9
134.9 163.6 0.6134 3793 378.2 379.1 3816 C 1574 164.0 0.6147 399.6 398.8 399.5 399.8
146.5 180.4 0.6765 399.3 399.0 399.6 4025 172.4 181.0 0.6784 419.8 419.7 4200 421.1
159.7 199.1 0.7463 424.4 424.1 424.4 4276 200.9 0.7530 446.8 446.4 446.2 448.2
180.1 2263 0.8485 464.7 465.1 464.7 468.2 226.4 0.8487 484.7 484.4 4333 486.7
199.8 250.5 0.9390 504.7 505.€ 504.8 508.0 251.0 0.9411 525.5 525.2 523.7 528.0
2240 276.8 1.0378 554.3 $55.2 553.9 556.1 276.2 1.0354 569.6 5713 570.0 574.7
248.6 299.9 1.1244 €02.8 £03.0 602.0 602.4 3043 300.1 11252 618.7 619.7 619.3 623.7
284.1 3278 1.2290 €67.7 666.7 667.1 663.6 © 499 328.2 1.2305 683.5 682.2 684.7 686.9
3326 358.2 1.3429 747.8 748.1 5 4104 3s8.5 1.3439 763.0 765.2
323.6 383.6 1.4382 823.0 825.2 § 4734 334.0 1.4397 843.5 8429
484.7 4215 1.5803 959.8 959.5 ?? §35.2 4221 1.5824 979.3 978.2
604.4 454.4 | 17036 1101 1100 7424 456.4 17110 1128 1125
7235 479.8 1.7987 1225 1227 < 8702 479.9 1.7993 1241 1243
908.5 510.6 1.9144 1411 1411 1072.7 510.0 1.9120 1420 1420
1140.2 540.6 2.0266 1630 1628 1329.9 540.1 2.0249 1633 1633
1446.0 571.5 2.1425 1901 1905 16519 570.1 2.1374 1893 1893
1657.2 589.2 2.2090 2095 2094 252.0 600.1 2.2496 2210 2210
1798.1 599.8 2.2488 2221 2220
. i
were calculated for the entire density region 6-600 amagat. The coefficicnts
are given in table V1. The values for 4 calculated from (1) and (2), for the ere
densities at which the measurements were performed, are listed in tables .
1 to II1 (fifth and sixth columns respectively). T i T,p* = _"i PN = of "= 50 v
e m vme' T 16y/a QER2AYTY’

§ 3. Corresponding states. In a previous paper?) a formula in reduccd
quantities is given, which allows calculation of the viscosity for the nobls

gases:

:—. = alp") + Blp") log T* + #(p") log? T* + (") log? T",

H.2%(T*) is a reduced collision integral.

]

and ¢ are the two constants for the Lennard-Jones intermolecular 6-12
otential field, s is the mass per molecule, p is the density in g/cm?,

| The coefficients for the range: p* from 0 to 0.45, T* from 1.2 to 30, were

“dlculated from viscosity measurements of helium, neon, argon, and xenon.

Pt TS

-
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¢ TABLE 111 8
i
] The viscosity of krypton at 75°C i i
¥ 7108 5108 7108
1 !
: ‘: a':: : cl'n vy k) c:_(::_p.’ cale, from cale. from cale. from E i I
i ! . = ) @ ®) i
i 8.24 651 | 0.0244 294.7 293.6 2946 287.9 ! I
{ 1135 9.00 | 0.0338 295.4 294.7 295.5 289.2 :
i 22.26 17.88 | 0.0670 298.9 299.1 299.1 2939 § !
. 27.81 2249 | 0.0843 301.3 015 301.2 296.4 [
48.53 40.18 | 0.1506 3109 3.2 310.5 306.8
59.51 49.89 | 0.1870 316.4 ETRA 3163 3130 l
L 70.68 59.96 | 0.2248 323.2 3235 3228 3197 i
| . 8162 7002 | 0.2625 330.1 330.4 329.9 3269 ] 4
93.47 8111 | 03041 337.6 338.4 338.3 3353 i il
108.3 95.21 | 03570 3493 349.5 349.6 3467 J !
\ 120.4 106.9 0.4008 360.0 *359.3 359.7 356.9 i t ‘
] 143.2 129.0 0.4838 380.2 379.8 380.5 378.0 i ¢
165.2 150.3 0.5636 4028 401.9 402.7 400.7 i
179.3 163.8 0.6142 418.7 417.3 417.9 416.4 5 ! 5 {
197.7 181.0 0.6785 438.1 438.3 4387 4379 i ] = |
WS [T e y
219.7 2008 0.7527 465.0 464.8 464.8 465.0 { o ) £) o F e i
2495 225.9 0.8469 5024 502.2 501.7 503.1 i S e . . g ]
282.0 250.7 0.9397 5431 543.4 542.4 545.0 i Fig. 1. Viscosity of krypton as function of pressure. I
‘ 320.7 277.0 1.0383 590.7 592.0 591.1 5946 : 4 |
3583 299.4 11224 636.5 637.8 637.6 641.2 ] AT
415.2 320.4 1.2310 704.7 703.1 705.0 707.7 i s
486.1 358.0 1.3423 782.1 784.0 Cocfficients of the polynomialn-10¢ = 4 & Bp + Cp? +~ Dp? !
564.2 384.8 1.4426 866.7 865.2 ] krypton, range 6-330 am. I
{ . 704.5 4225 1.5838 1003 993.4 (n in g em-1 s=; p in am.) il
b : 1013.8 480.0 1.7994 1256 1260 3 ¢ S0°C s i
' 1237.8 510.0 1.9120 1432 1434 : - T =TT e
{ 1518.3 540.0 2.0246 1645 1642 3
i B 0.41865 0.43638 0.44333
1 1865.9 570.0 2.1370 1896 1895 3 &
! 20239 | ssus | 218n 2008 2009 : ol 16542 1:6540 14392
1 2 = i . D-108 2.7957 25712 29188 I
! % _
| TABLE 1V { TABLE VI i
— E Cocfficients of the polynomial
The viscosity of krypton at 125°C b 77108 = A 4+ Bp + Cpd -+ Dpi -+ Ept + Fob + Gps.
? 3 P 7 10% (exp) d krypton, range 6-600 am. )
atm am gem-3 gem-ist i (pin g cm-ts1; pin am.) 9
1294.2 480.0 1.7995 129 ] 25°C S0°C 75°C I
1555.2 509.5 1.9102 1461 3
] 255.01 27368 292.47
1880.4 539.5 2.0228 1664 : B Neery T e I
4 c-10° 4.56735 4.64178 4.24199
B D108 - 18.4219 — 19.9537 — 17.0204 |
3 e reference 7 " E-10° + 73.9157 + 77.4699 + 68.4218 !
Thigy, e giveil By; (o= ) : F-102 —130.867 —130.328 —117.155 f
a(p*) = 0.980 + 2.140p* -+ 8.171p"2 — 0.563p"3 G-10% +101.6153 +96.4190 + 88.3948 i
/ . 3.170p* — 25.720p°2 + 27.665p*3 ’ |
= — 3.170p* — 25.720p"2 + 27.665p T
BE*) _The 7 values of krypton, calculated from (3), arc given in the last columns ;
= (0*) = 1.278p* + 30.191p*2 — 43.18%*3 i 5 : € 3 :
- b -£{%p A Itables I to I1. The constants are taken from Whalley and Schneider8): i
i %: ) d(p*) = — 0.120p* — 10.388p*2 - 16.549p"3 'k = 166.67°K, ¢ = 3.681 A. It can be scen that, except at low densities, ;
I

R et e o i Ik
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Fig. 2. Viscosity of krypton as function of density.
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fese values agree with the experimental data within the accuracy of 1%,
imed in reference 7. The deviation at low density shall be discussed in a
sext paper.

§4. Comparison with measurements of other authors. There are only few
iscosity measurements on krypton available in the literature. In the low
lensity region there are data of Nasini and Rossi®), Rankine19), and
[lifton!l). A survey is given in table XI of reference 7.

PR

400 500 am.

Fig. 3. Viscosity of krypton; comparison with data from literature.

At higher densities there are data from Kestin and Leidenfrost 12) at
I°Catdensities up to 21 am, and very recently from Reynesand Thodos!3)
“£ 100°C, 150°C, and 200°C at densitics between 40 and 414 am. In fig. 3
hese values are plotted versus density together with our own data. It will
“enoted that the viscosity isotherms of Revnes and Thodos at 150° and
0°C appear to be irregular. This behaviour is confirmed when a comparison
smade with the values calculated from equation (3). Deviations up to 4%
e found for the 150° and 200°C isotherm, but it is worth noting that the
moothed) 100° isotherm shows deviations of less than 1%,
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THE MAXWELL EQUATIONS: NONRELATIVISTIC
MULTIPOLE EXPANSION TO ALL ORDERS

by S. R. DE GROOT

Instituut voor theoretische fysica, Universiteit van Amsterdam, Nederland

Synopsis

From the microscopic equations for the electromagnetic ficld in the presence of
int sources equations are derived for the electromagnetic field in the presence of
able collections of point sources such as atoms, ions or molecules. These “atomic
4d equations” contain electric and magnetic polarizations. The polarizations are
wen here as expansions to all orders in terms of the nonrelativistic electric and magnetic
altipoles of the atoms.

1 /

§ 1. Introduction. The microscopic equations for the clectromagnetic
4d (e, b), produced at a time ¢ and a position R by a collection of point
arges ¢(j = 1, 2, ...) at positions R;() and with velocities Ry((), can be

Titten as
: Pre =Yook — R, W
: —te+VAb=32 es(Ryfc) 8(Ry — - )
b= ®
2b + P Ae=0. “

Here 89 and P indicate differentiations with respect to time and space
ordinates ¢f and R (where c is the velocity of light).
If the point charges are grouped into stable atoms, molecules or ions
Herred to as “atoms” here), the problem arises as to how the equations
I(4) can be rewritten with the help of s‘uitably defined “atomic™ para-
“ters. This aim can be achieved by grouping the source terms in (1) and
Jinto sums of terms each of which is itself a sum over the constituent
idei and electrons of a smgle atom. Subsequently one can develop each
M into a series expansion in terms of atomic electromagnetic multipoles.
In this article a treatment is followed originally carried out by Mazurand
’lboer’) up to second order. However, here no statistical averaging will
*performed before the multipole expansion is worked out. In this way
’lonuc field equations” will be obtained in which the electric and magnetic

{ — 953 —




